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Abstract
Recent progress seems to suggest that one must modify General Relativity (GR) to stably violate
the null energy condition and avoid the cosmological singularity. However, with higher-order
derivative operators of the scalar field (a subclass of the degenerate higher-order scalar-tensor
theory), we show that at energies well below the Planck scale, fully stable nonsingular cosmologies
can actually be implemented within GR.
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I. INTRODUCTION
It is well-known that General Relativity (GR) suffers the singularity problem, which
indicates that our understanding about gravity and the origin of the universe is incomplete [1,
2]. It is still an elusive task to look for an ultraviolet (UV)-complete theory to describe what
happens at the ”singularity”. However, searching for fully stable nonsingular cosmologies
with the effective field theory (EFT), which captures low energy behaviors of the complete
theory, might be an alternative approach.
In spatially flat nonsingular cosmologies, the Null Energy Condition (NEC) must be vio-
lated for a period. However, it is often accompanied by (ghost, gradient) instabilities [3, 4],
or singularities (strong coupling) in the perturbed action, see also Refs.[5–8]. Recently, it has
been found that fully stable nonsingular cosmological solutions do exist in the EFT beyond
Horndeski [9–14]. Degenerate higher-order scalar-tensor (DHOST) theory [15] actually is
a rich pool for such EFTs [16]. However, it is noteworthy that in the nonsingular models
built, the gravity has been no longer GR-like1.
Recently, the LIGO Scientific and Virgo Collaborations have detected the gravitational
wave (GW) signals of binary black holes (BH) [17] and binary neutron star mergers [18],
which opened a new window to probe the gravity physics. The results of all tests performed
in Refs.[19, 20] showed perfect agreement with GR, particularly in the strong-field regime.
Currently, GR is still a well-established effective theory in the low energy regime of the
UV-complete theory, though it must break down around the Planck energy.
How to implement the nonsingular bounce with GR? It is well-known that the P (φ,X)
theory can hardly bring a stable NEC violation. To stably realize such a violation, one may
include higher-order derivative operators (φ)2, (φµν)2 · · · in the P (φ,X) theory, and set
the EFT as, e.g.[21],
L ∼ M
2
P
2
(4)R + P (φ,X) +O ((φ)2, (φµν)2 · · · ) . (1)
Generally, higher-order corrections O ((φ)2, (φµν)2 · · · ) are generated if one integrates out
1 By ”GR”, we refer to a theory where matter is minimally coupled to the Einstein-Hilbert action, i.e:
S =
∫
d4x
√−g
(
M2p
2
R+ Lm[gµν ]
)
.
In particular, the scalar field is minimally coupled to the gravitational metric gµν .
2
the massive particles beyond the cutoff scale [22, 23]. One frequently studied case is O ∼
(φ)2, see e.g.[24–26]. However, the corresponding EFT must beg unknown physics in
the sufficiently far past, otherwise the higher-order derivative operator will show itself the
Ostrogradski ghost. It’s possible to include such higher-order derivative operators in the so-
called DHOST theory [27, 28], see also [29], without introducing any Ostrogradski instability
[30, 31].
Nevertheless, which operator in O ((φ)2, (φµν)2 · · · ) is indispensable for achieving a
pathology-free bounce in GR is still not clear so far. In this paper, we will propose a
consistent (1)-like EFT for spatially-flat fully stable nonsingular cosmologies. We, with it,
will discuss how to evade the No-go Theorem [3, 4] plaguing the cosmologists, and show a
concrete example for the cosmological bounce.
II. DHOST THEORY WITH cT = 1
A. Reducing to GR
We begin with the DHOST theory with cT = 1 (cT is the speed of GWs) [32]
LDHOSTcT=1 =P +Qφ+ A
(4)R +
1
A
(
6A2X − (A−XAX)B −
X2B2
8
)
φµφµνφλφ
λν
+Bφµφνφµνφ+
B
A
(
2AX +
XB
2
)
(φµφ
µνφν)
2,
(2)
where φµ ≡ ∇µφ, φµν ≡ ∇ν∇µφ and X ≡ φµφµ. The coefficients A, Q and B only depend on
φ and X. According to the classification in Ref.[33], theory (2) belongs to class Ia DHOST
theories. Generally, B and A are independent functions. However, if B = − 4
X
AX , L
DHOST
cT=1
will reduce to the cT = 1 beyond-Horndeski theory L
bH
cT=1
[34].
It is significant to notice that if setting A = const. and Q = 0, LbHcT=1 will reduce to
GR, while LDHSOTcT=1 will become GR plus extra DHOST operators (higher-order derivative
operators). The latter is not covered by the beyond-Horndeski Lagrangian [29] but belongs
to a subclass of the cT = 1 DHOST theory. Degenerate conditions required by the DHOST
theory guarantee that such a combination of higher-order derivative operators is free of the
Ostrodradsky ghost. A (1)-like EFT will be Ostrodradsky ghost-free, only if the degenerate
conditions are satisfied.
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B. Perturbation in DHOST theories with cT = 1
We adopt the ADM metric,
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt), (3)
where N is the lapse, N i is the shift and hij is the spatial metric. In the following we will
work in the unitary gauge and use η = φ as the time coordinate (assuming φµ is timelike).
In particular, in this gauge φµ = δ
0
µ and the dynamics of φ is absorbed into N(η), as
φ˙ ≡ dφ/dη = 1 (for any operator O, O˙ refers to derivatives with respect to the clock time
φ, or equivalently η, and not as usual to the cosmic time t).
Defining
B = − 4
X
AX + AB˜, (4)
we have
LDHOSTcT=1 = L
bH
cT=1
+ ∆L,
where
∆L =AB˜φµφνφµνφ+
(
−AB˜ + 2XAXB˜ − X
2AB˜2
8
)
φµφµνφλφ
λν
+
XB˜
2
(
− 4
X
AX + AB˜
)
(φµφ
µνφν)
2.
In the unitary gauge, one has LbHcT=1 = P˜ + Q˜K + A(R − K2) [29], where R ≡ hijRij is
the Ricci scalar on the spacelike hypersurface, K ≡ hijKij is the extrinsic curvature and
K2 ≡ K2 −KijKij. The DHOST operators follow
φµφνφµν = − 1
N5
(
N˙ −N i∂iN
)
≡ − 1
N5
N ′,
φ = 1
N3
(
N˙ −N i∂iN
)
− 1
N
K ≡ 1
N3
N ′ − 1
N
K,
φµφµνφλφ
λν = − 1
N8
(
N˙ −N i∂iN
)2
+
1
N6
(∂N)2 ≡ − 1
N8
N ′2 +
1
N6
(∂N)2.
(5)
Thus we have
∆L = −3AB˜
2
8N12
N ′2 +
AB˜
N6
N ′K − B˜
N5
(
A
N
+NAN +
AB˜
8N5
)
(∂N)2
where the equality X = −1/N2 is used. Replacing −B˜/(2N5) with B˜, we get the ADM
4
form of LDHOSTcT=1 (2)
LDHOSTcT=1 =P˜ + Q˜K + A(R−K2)−
3AB˜2
2N2
N ′2 − 2AB˜
N
N ′K
+ B˜
(
2
A
N
+ 2AN − AB˜
2
)
(∂N)2.
(6)
We will work with (6). To study the stability of perturbations, we expand LDHOSTcT=1 in (6)
to second order. Defining the metric perturbation
N i = δij∂jψ, hij = a
2(η)e2ζδij,
we have L(2) = 3a3NζδL + a3δNδL + a3Nδ2L at quadratic order, where δ2L refers to the
expansion of L at second order. To proceed, we first expand K ji and R,
K ji =
1
N
[(
H + ζ˙ −HδN
N
)
δji −
δjk
a2
∂i∂kψ
]
+O(δN2), (7)
R = − 2
a2
[
2∂2ζ + (∂ζ)2 − 4ζ∂2ζ]+O(ζ3), (8)
where H ≡ da
adη
= NH, and H is the Hubble parameter. The kinetic term in LDHOSTcT=1 (6) is
contributed by −AK2 − 3AB˜22N2 N ′2 − 2AB˜N N ′K. Considering (7) and (8), one finds that
L(2)kinetic = a3
A
N
(
−6ζ˙2 − 6B˜ζ˙δN˙ − 3B˜
2
2
δN˙2
)
= −6a
3A
N
(ζ˙ + B˜δN˙/2)2
is diagonal for ζ˜ = ζ + B˜δN/2. The coefficients of the operators N ′2 and N ′K should
satisfy a relation in the DHOST theory (β2 = −6β21 , see e.g.Ref.[28]). As a result, L(2)kinetic is
necessarily diagonal. Confronting ζ˜ with the constraint δL/δ(∂2ψ) = 0, we get
L(2) = a3NA
[
U ˙˜ζ2 − V (∂ζ˜)
2
a2
]
(9)
with
U =
Σ
γ2
+
6
N2
, (10)
V =
2
aA
d
dη
(aM)− 2, (11)
where
γ ≡
(
1
N
+NαB
)
H + ˙˜B/2, (12)
5
Σ ≡ H2
[
αK + 6
(
α2B −
γ2
H2N2
)
+
9αBB˜
N
+
3d(αBHAB˜)/dη
H2NA
]
, (13)
M≡ 1
γ
[(A
N
+ AN
)− AB˜/2] . (14)
Following the notation in [28], one sets αB and αK as the coefficients of the operators δKδN
and δN2 respectively,
αB =
1
4NAH(NLNK + 2HLNS), αK =
1
NAH2
(
LN +
N
2
LNN
)
, (15)
where S ≡ KijKij. It can be checked2 that our calculation conform with Ref.[28] by setting
N = 1.
III. BOUNCE IN GR
A. Expelling No-go with higher-order derivative operators
In the Horndeski theory, fully stable nonsingular cosmological solutions are prohibited,
the so-called No-go Theorem [3, 4], see also [35–38] for relevant studies. One way out is going
beyond Horndeski, as pointed out in Refs.[9, 10]. In particular, in the beyond-Horndeski
subclass of the DHOST theory, solutions of fully stable nonsingular cosmologies have been
found [12–14, 16].
Setting A = M2P/2 = const. in (6), we have
LDHOSTcT=1,A=M2P /2
=P˜ + Q˜K +
M2P
2
(R−K2)− 3M
2
P B˜
2
4N2
N ′2 − M
2
P B˜
N
N ′K
+ B˜
(
M2P
N
− M
2
P B˜
4
)
(∂N)2,
(16)
which also belongs to a subclass of the DHOST theory. Recall the redefinition (4) and
replacement −B˜/(2N5) → B˜ in Sect.II, then the coefficient B in the covariant theory (2)
is related to the B˜ in (16) by B = −M2PN5B˜. It is also noticed that if A = const., Q˜ = 0
in (16) is equivalent to Q = 0 and P = P˜ in LDHOSTcT=1 (2). Thus if Q˜ = 0, (16) is actually a
(1)-like EFT.
2 In Ref.[28], a different time parametrization is chosen such that N¯ = 1.
6
The essence of the No-go proof is rewriting V > 0 (c2S > 0) in (11) as the integral
inequality, see [39] for a review,
aM∣∣
f
− aM∣∣
i
>
∫ f
i
aAdη. (17)
In the nonsingular models, the integral
∫ f
i
aAdη will diverge, thus M must cross 0 at a
certain time. According to (14), we have
M = M
2
P
2γ
(
1
N
− B˜/2
)
(18)
for (16). Thus we might getM = 0 by adjusting B˜(N, η), or equivalently B(X,φ) in LDHOSTcT=1
(2). This suggests that it is possible to build fully stable nonsingular cosmological models
with (16) (equivalently, (1)-like EFTs).
B. An example
To show that the observation made in Sect.III A is correct, we will present a concrete
model for the nonsingular bounce, which might have significant applications in early universe
scenarios, e.g.[40–43].
We adopt
H = H/N = η
3(1 + η2)
, (19)
with N(η) = 1 as the background solution. When η < 0, the universe contracted with
H ∼ 1/η < 0. Cosmological bounce happened at η = 0. We might set P˜ (N, η) and B˜(N, η)
in LDHOSTcT=1,A=const. (16) as
P˜ (N, η) =
g1(η)
2N2
+
g2(η)
N4
+ g3(η), (20)
and B˜(N, η) = g4(η). Here, since Q˜ = 0, P˜ (N, η) is actually equivalent to P (X,φ) =
g1(φ)X/2 + g2(φ)X
2 + g3(φ) in L
DHOST
cT=1
(2).
One simple possibility for (13) is, see also [16],
Σ = c1(η)γ
2. (21)
According to Eq.(10), we will have U > 0 for a suitable c1(η). Combining Eq.(21) with
the background equations (A1) and (A2) in Appendix A, we get the algebraical solutions of
g1(η), g2(η) and g3(η), see Appendix B.
7
Inserting B˜(N, η) = g4(η) into Eq.(12), we have γ = H + g˙4/2. Thus
M = M
2
P (1− g4/2)
g˙4 + 2H . (22)
Requiring that around η = 0, 1− g4/2 = 0 and g˙4 ∼ H (so M = 0), we consider such a g4,
g4(η) =
∫ +∞
η
2µH(s)e−s2/λ2ds, (23)
with λ set by g4(0) = µe
1/λ2Γ(0, 1/λ2)/3 = 2. Fig.1 plots the evolutions of g˙4 for µ = 0.9
and H. When |η|  λ, g4 = 0, we will have a P (X,φ) EFT with GR. Inserting (22) into
(11), we have V (η = 0) = 2(2µ−1)−µ+1 , so c
2
S(η = 0) = V/U > 0 suggests 0.5 < µ < 1.
As a concrete example, we plot Figs.2 and 3 with c1(η) = 150e
−η2/500. We see that the
model is fully stable. As pointed out in Ref.[33], class Ia DHOST theories can be disformally
transformed to Horndeski. It’s proved in Appendix C that such field redefinition is ill-defined
in the example considered here.
IV. DISCUSSION
Currently, GR is the well-tested effective theory of gravity. Based on the higher-order
derivative operators, which might capture the physics of a UV-complete theory, we propose
a consistent EFT
L =
M2P
2
(4)R + P (φ,X)−
(
B +
X2B2
4M2P
)
φµφµνφλφ
λν +Bφµφνφµνφ
+
XB2
M2P
(φµφ
µνφν)
2,
(24)
for the spatially-flat fully stable nonsingular cosmologies. It belongs to a subclass (A =
M2P/2, Q = 0) of the cT = 1 DHOST theory (2). It has been speculated that the higher-
order derivative operators O ((φ)2, (φµν)2 · · · ) in the EFT (1) might play crucial roles
in nonsingular cosmologies. Here, we clearly showed what kind of O ((φ)2, (φµν)2 · · · ) is
required for the full stability of nonsingular cosmologies.
We discussed how to evade the No-go Theorem with the EFT (24) (its ADM Langrangian
(16)). In Refs.[9, 10, 12, 13], the operator Rδg00 is used to expel the No-go. However, in
their implementation, besides higher-order derivative operators, the corresponding covari-
ant EFT also includes the derivative coupling of φ to gravity ∼ X (4)R. Here, we found
8
g

4
2H
-10 -5 5 10 η
-0.3
-0.2
-0.1
0.1
0.2
0.3
FIG. 1: g˙4 is given by (23). We require g˙4 ∼ H for simplicity. We have set µ = 0.9 and MP = 10
in the plot.
that the No-go can be evaded solely by introducing the higher-order derivative operators
O ((φ)2, (φµν)2 · · · ) (the DHOST operators) in (24) without modifying GR. A concrete
model of the cosmological bounce have been presented in Sect.III B. Generally, all the oper-
ators compatible with the symmetry of the problem are expected to be generated at quantum
level. However, only a finite subset of all possible higher-order derivative operators is con-
sidered in the example studied. It would thus be interesting to study whether such model
is protected against quantum corrections [44, 45]. It might be also interesting to apply the
EFT (24) to regulate the singularity of the BH, e.g.[46–48].
Recently, the well-posedness of the initial value problem (IVP) has been promoted in
non-perturbative cosmologies [49]. An issue worthy of exploring is whether the IVP for (24)
is well-posed.
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FIG. 3: Throughout the whole evolution, c2S > 0, while c
2
S → 1 as |η| → ∞.
Appendix A: The background equations
Varying (6) with respect to N and H, respectively, we get
3B
(
ABN¨
N
+
2AH˙
N
)
=N˙2
(
3AB2
2N2
− 3ABBN
N
− 3ANB
2
2N
)
+H2
(
−18AB
N
− 6A
N2
+
6AN
N
)
+ N˙
(
−9AB
2H
N
− 6ABBη
N
− 3AηB
2
N
)
+H
(
−6ABη
N
− 6AηB
N
− 3QN
)
− PNN − P,
(A1)
10
6(
ABN¨
N
+
2AH˙
N
)
=N˙
(
12AH
N2
− 12ANH
N
− 6ABη
N
− 6AηB
N
+ 3QN
)
+ N˙2
(
9AB2
2N
+
6AB
N2
− 6ABN
N
− 6ANB
N
)
− 18AH
2
N
− 12AηH
N
− 3PN + 3Qη.
(A2)
Appendix B: Solutions of g1, g2 and g3
g1 = − 1
8N
(
4c1HM2pN4g˙4 + 2c1M2p g4N4g˙4N˙ + c1M2pN5g˙24 + 4c1HM2p g4N3N˙ + c1M2p g24N3N˙2
+ 4c1H2M2pN3 − 12HM2pN2g˙4 − 36M2p g4N2g˙4N˙ + 12M2pNg˙4N˙ + 6M2pN3g˙24
− 108H2M2p g4N2 − 36M2p g4H˙N2 − 72HM2p g24N2N˙ + 24HM2p g4NN˙
− 24M2p g24N2N¨ + 12M2p g4NN¨ + 18M2p g24NN˙2 − 12M2p g4N˙2 + 24H2M2pN
+ 24M2p H˙N − 24HM2p N˙
)
,
(B1)
g2 =
1
32
(
4c1HM2pN5g˙4 + 2c1M2p g4N5g˙4N˙ + c1M2pN6g˙24 + 4c1HM2p g4N4N˙ + c1M2p g24N4N˙2
+ 4c1H2M2pN4 + 12HM2pN3g˙4 − 12M2p g4N3g˙4N˙ + 4M2pN2g˙4N˙ + 6M2pN4g˙24
− 36H2M2p g4N3 − 12M2p g4H˙N3 − 36HM2p g24N3N˙ + 24HM2p g4N2N˙
− 12M2p g24N3N¨ + 4M2p g4N2N¨ + 18M2p g24N2N˙2 − 4M2p g4NN˙2 + 24H2M2pN2
+ 8M2p H˙N2 − 8HM2pNN˙
)
,
(B2)
g3 = − 1
32N3
(− 4c1HM2pN4g˙4 − 2c1M2p g4N4g˙4N˙ − c1M2pN5g˙24 − 4c1HM2p g4N3N˙
− c1M2p g24N3N˙2 − 4c1H2M2pN3 + 36HM2pN2g˙4 + 60M2p g4N2g˙4N˙
+ 12M2pNg˙4N˙ − 6M2pN3g˙24 + 180H2M2p g4N2 + 60M2p g4H˙N2
+ 108HM2p g24N2N˙ − 24HM2p g4NN˙ + 36M2p g24N2N¨ + 12M2p g4NN¨
− 42M2p g24NN˙2 − 12M2p g4N˙2 + 72H2M2pN + 24M2p H˙N − 24HM2p N˙
)
.
(B3)
In Sect.III B, since N = 1, (B1), (B2) and (B3) will be simplified.
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Appendix C: Disformal transformations
In this appendix, we will show that the field redefinition relating the example in Sect.III B
to a Horndeski theory is ill-defined. According to Ref.[33], theory (2) can be disformally
transformed to a Horndeski theory by the field redefinition g˜µν = Ω(X,φ)gµν + Γ(X,φ)φµφν
where
ΩX
Ω
=
4AX +BX
4A
, ΓX =
2AXΩ− 2AΩX
AX
.
A necessary condition for an invertible disformal transformation is [28]
Ω−XΩX −X2ΓX 6= 0 .
For the specific example studied in Sect.III B, A = M2p/2, B = −M2pN5g4, X = −1/N¯2 =
−1, thus Ω−XΩX −X2ΓX = (1− g4/2)Ω. According to (23), the disformal transformation
is singular at the bounce point.
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